Abstract: This paper presents a comparison of different scenarios in controlling the space heating systems in residential buildings. The space heating energy consumption of a three-storey residential building is estimated using traditional control methods (fixed-temperature schedule and fixed-time schedule) and a mathematical model-based control strategy. The model-based control technique takes the usage pattern of the building into account and operates the heaters based on the calculated heating time of the building. The results from the experiments confirm that the use of a model in heating control is the best option, which can save up to 1400 kWh and 320 kWh per year compared to a fixed-temperature schedule and fixed-time schedule, respectively.
Introduction
World energy use is rapidly growing and there are raised concerns over supply difficulties, depletion of energy resources, and heavy environmental impacts [1] . Simultaneously, the global contribution from buildings towards energy consumption has regularly increased the figures by between 20% and 40% in developed countries [1] . The building sector in the Europe accounted for nearly 41% of the total energy consumption in 2010 [2] . Residential buildings currently utilize 30% of the world average energy consumption and 25% of the average European Union energy consumption [3] . The energy use of these residential buildings is highly dependent on climate conditions, physical characteristics, appliances, occupant behaviors, and ownership [3] . Until recent years, the energy efficiency of buildings has been a relatively low priority. However, with the increase and awareness of energy use concerns and the advances in cost-effective technologies, energy efficiency is becoming a major concern to building owners both in commercial and residential sectors.
In this study, the focus is on saving space heating energy from heated residential buildings in cold climatic conditions, such as northern European countries. For instance, Scandinavian countries such as Norway usually remain under cold climate conditions during one-third of the year, and that results in high space heating energy use. To ensure the thermal comfort of the occupants and to avoid the freezing of water sources, it is important to heat the buildings. Further, it is necessary to heat up the building to a certain temperature even when the building is not occupied to ensure that water sources are not affected.
There are different control techniques used in buildings to control heating systems. They can be either classical controllers such as on-off and PID (Proportional-Integral-Derivative) or more advanced type controllers integrated with a mathematical model of the building [4] . Classical controllers have a simple structure and low initial cost, which makes them the most used controllers in HVAC (Heating, (MPC) has become one of the main interests. In the literature, examples on model based energy savings can mainly be found in the direction of MPC techniques. Some examples showing the energy saving potential of MPC and traditional controllers will be presented here for comparison purposes. However, this study has no focus on MPC and instead presents a general overview of the space heating energy saving potential of buildings when mathematical models are incorporated.
Buildings 2017, 7, 27 3 of 17 energy savings can mainly be found in the direction of MPC techniques. Some examples showing the energy saving potential of MPC and traditional controllers will be presented here for comparison purposes. However, this study has no focus on MPC and instead presents a general overview of the space heating energy saving potential of buildings when mathematical models are incorporated. Morosan et al. have conducted a case study and presented that centralized and distributed Model Predictive Control (MPC) strategies can reduce the energy consumption by 13 .4% compared to conventional P (Proportional), PI (Proportional-Integral), and On-Off control strategies for a selected day based on the occupancy [11] . In [12] , there is an evaluation of the energy saving potential of buildings using MPC, classic PI control, and PI control with a dead zone. A resistor-capacitor network model is developed for a university building of 1500 m 2 . The total yearly energy consumption per square meter of the heated/cooled area is estimated to be 87. 16, 133 .94, and 125.55 kWh/m 2 for the three techniques, respectively.
In order to estimate the energy savings, it is first necessary to estimate the space heating energy consumption of a building. Different types of mathematical models have been used in the past to estimate the space heating/cooling energy use of buildings. Statistical approaches such as regression [13] [14] [15] , Artificial Neural Networks [16] , and Support Vector Machines [17] are found in the literature for energy predictions. A combined physical and statistical approach has been used in [18] . A physicsbased approach for the prediction of the energy consumption of buildings is explained in [10] , and this method will further be used in this study to estimate space heating energy consumption based on different heating approaches to compare the possible energy savings from each approach.
The rest of the paper is structured to present the test building, description of different approaches in building heating, mathematical model development, results and discussion of the analyses, and concluding remarks.
The Test Building
The building used for the study is a residential building built in 1987 and located in the southern part of Norway close to Langesund. The building consists of three stories: (i) attic; (ii) main floor; and (iii) basement. It has a balanced ventilation system installed in both the attic and the main floor with an integrated heat recovery system with 77% efficiency. The cumulative average air inflow rate into the building is 0.027 m 3 /s. The building is primarily constructed using wood and most of the walls and the floor of the basement are formed using concrete. The dimensions of the building with the dimensions of the windows and doors are illustrated in Figures 2-4 . The heights of the main floor and the basement are 240 cm and 235 cm, respectively. The attic has a triangular cross section and its highest height is 198 cm, which declines to 0 cm at the sidewalls. The thicknesses of the roofs and floors are 30 cm each. Morosan et al. have conducted a case study and presented that centralized and distributed Model Predictive Control (MPC) strategies can reduce the energy consumption by 13.4% compared to conventional P (Proportional), PI (Proportional-Integral), and On-Off control strategies for a selected day based on the occupancy [11] . In [12] , there is an evaluation of the energy saving potential of buildings using MPC, classic PI control, and PI control with a dead zone. A resistor-capacitor network model is developed for a university building of 1500 m 2 . The total yearly energy consumption per square meter of the heated/cooled area is estimated to be 87. 16, 133 .94, and 125.55 kWh/m 2 for the three techniques, respectively.
In order to estimate the energy savings, it is first necessary to estimate the space heating energy consumption of a building. Different types of mathematical models have been used in the past to estimate the space heating/cooling energy use of buildings. Statistical approaches such as regression [13] [14] [15] , Artificial Neural Networks [16] , and Support Vector Machines [17] are found in the literature for energy predictions. A combined physical and statistical approach has been used in [18] . A physics-based approach for the prediction of the energy consumption of buildings is explained in [10] , and this method will further be used in this study to estimate space heating energy consumption based on different heating approaches to compare the possible energy savings from each approach.
The building used for the study is a residential building built in 1987 and located in the southern part of Norway close to Langesund. The building consists of three stories: (i) attic; (ii) main floor; and (iii) basement. It has a balanced ventilation system installed in both the attic and the main floor with an integrated heat recovery system with 77% efficiency. The cumulative average air inflow rate into the building is 0.027 m 3 /s. The building is primarily constructed using wood and most of the walls and the floor of the basement are formed using concrete. The dimensions of the building with the dimensions of the windows and doors are illustrated in Figures 2-4 . The heights of the main floor and the basement are 240 cm and 235 cm, respectively. The attic has a triangular cross section and its There are electrical heaters on each floor of the building. The total heat supply to the building via electrical heaters is 6.95 kWh. Out of that, there is a floor heater in the basement, which supplies 550 W all the time. In addition to that, there are four personal computers operating inside the attic, which considerably heat the area. The approximate heat supply from all electrical appliances is 630 W. Supplementary to the electrical heaters, a wood burning stove is used on the main floor to heat the building, especially during freezing conditions, which is not modelled in this work. The locations where the temperature, relative humidity and solar irradiation sensors are positioned are also shown in Figures 2-4 . These sensors have a sampling frequency of 1 h. There are electrical heaters on each floor of the building. The total heat supply to the building via electrical heaters is 6.95 kWh. Out of that, there is a floor heater in the basement, which supplies 550 W all the time. In addition to that, there are four personal computers operating inside the attic, which considerably heat the area. The approximate heat supply from all electrical appliances is 630 W. Supplementary to the electrical heaters, a wood burning stove is used on the main floor to heat the building, especially during freezing conditions, which is not modelled in this work. The locations where the temperature, relative humidity and solar irradiation sensors are positioned are also shown in Figures 2-4 . These sensors have a sampling frequency of 1 h. The current heating control system in the building is based on a set of wireless remote controlled mains sockets turning the electrical heaters on and off at a fixed time schedule. Standard electrical heaters with an electrical thermostat are used. An application is used for turning the wireless remote controlled mains sockets on and off at a fixed schedule, as:

Weekdays: on from 4:00 to 8:00 and 12:00 to 21:00 with a set point of 17 °C.  Weekends: on from 3:00 to 23:00 with a set point of 17 °C.
A low set point temperature is not specified for the non-occupancy and sleeping periods. Instead, the heaters are switched off.
Case Studies
The space heating energy consumption of the building is estimated using a mathematical model developed in a MATLAB environment under different scenarios and the estimated values are compared with each other. The analysis is primarily a theoretical investigation, and all the cases are summarized below. All case studies estimate the temperatures and energy consumptions based on the input measurements obtained for five week days from 24 to 28 November 2014. The input variables (outside temperature, outside relative humidity, inside relative humidity, and solar irradiation) used in the study are plotted in Figure 5 for the experimental period. The real inside temperature data for the mentioned period is also collected for calibrating the model parameters, and these parameters will be used in all other cases to assess the space heating energy consumption.

Case 1: Estimation of space heating energy consumption for a constant inside temperature of 17 °C (comfort temperature) throughout the five days in the test building (fixed temperature schedule).  Case 2: Estimation of space heating energy consumption according to time-based control such that the heaters switch between different temperature set points at pre-selected times of the day (fixed time schedule). The heating system is configured to maintain two temperature set points; comfort temperature (17 °C) and non-occupancy temperature (12 °C) for occupied and nonoccupied (or sleeping) periods. A fixed period of three hours is selected as the heating time of the building before occupant arrival/wake up. There are electrical heaters on each floor of the building. The total heat supply to the building via electrical heaters is 6.95 kWh. Out of that, there is a floor heater in the basement, which supplies 550 W all the time. In addition to that, there are four personal computers operating inside the attic, which considerably heat the area. The approximate heat supply from all electrical appliances is 630 W. Supplementary to the electrical heaters, a wood burning stove is used on the main floor to heat the building, especially during freezing conditions, which is not modelled in this work. The locations where the temperature, relative humidity and solar irradiation sensors are positioned are also shown in Figures 2-4 . These sensors have a sampling frequency of 1 h.
The current heating control system in the building is based on a set of wireless remote controlled mains sockets turning the electrical heaters on and off at a fixed time schedule. Standard electrical heaters with an electrical thermostat are used. An application is used for turning the wireless remote controlled mains sockets on and off at a fixed schedule, as:
• Weekdays: on from 4:00 to 8:00 and 12:00 to 21:00 with a set point of 17 • C.
• Weekends: on from 3:00 to 23:00 with a set point of 17 • C.
Case Studies
The space heating energy consumption of the building is estimated using a mathematical model developed in a MATLAB environment under different scenarios and the estimated values are compared with each other. The analysis is primarily a theoretical investigation, and all the cases are summarized below. All case studies estimate the temperatures and energy consumptions based on the input measurements obtained for five week days from 24 to 28 November 2014. The input variables (outside temperature, outside relative humidity, inside relative humidity, and solar irradiation) used in the study are plotted in Figure 5 for the experimental period. The real inside temperature data for the mentioned period is also collected for calibrating the model parameters, and these parameters will be used in all other cases to assess the space heating energy consumption. Buildings 2017, 7, 27 6 of 17 Instead of using a fixed heating time, now the real heating time is estimated using a dynamic model. Low and high temperature set points (comfort temperature of 17 °C and nonoccupancy/sleeping temperature of 12 °C) are used here as well.  Case 5: This is an extension of Case 4, and it estimates the space heating energy consumption if the occupants are one day away from the building. This represents a day off at work or a short holiday during which the occupants are one day away from the building and addresses possible energy savings when a model is used in heating system control.  Case 6: This is an extension of Case 4, and it estimates the space heating energy consumption if the occupants are two days away from the building, such as going away on the weekend. This case is a good example to observe how much energy can be saved when the occupants are away from the building for a long period. Figure 6 illustrates the variation of temperature set points with respect to time for Cases 1, 2, and 3 during a one-day period. This is an extension of Case 4, and it estimates the space heating energy consumption if the occupants are one day away from the building. This represents a day off at work or a short holiday during which the occupants are one day away from the building and addresses possible energy savings when a model is used in heating system control. • Case 6: This is an extension of Case 4, and it estimates the space heating energy consumption if the occupants are two days away from the building, such as going away on the weekend. This case is a good example to observe how much energy can be saved when the occupants are away from the building for a long period. Figure 6 illustrates the variation of temperature set points with respect to time for Cases 1, 2, and 3 during a one-day period.

Case 6: This is an extension of Case 4, and it estimates the space heating energy consumption if the occupants are two days away from the building, such as going away on the weekend. This case is a good example to observe how much energy can be saved when the occupants are away from the building for a long period. Figure 6 illustrates the variation of temperature set points with respect to time for Cases 1, 2, and 3 during a one-day period. 
The Modelling Approach
The mathematical model of the building is the basis for advanced controller implementation. The mathematical model used in estimating the temperature variation, heating time, and the space heating energy consumption is a continuous time dynamic model developed for a single-zone building. The building unit is considered a control volume. The model is expressed in terms of state-space variables, and a lumped parameter approach has been used. A detailed description of the model development can be found in [19] . Equations (1)- (10) represent the model, and Table 1 describes all the symbols.
The mass and energy balances formulate the heating model for the specified test building. Mass and energy balance equations for the air inside the building unit are given by Equations (1) and (2) . Ventilation plays a leading role in the convective mode of heat transfer in buildings. The application of mass balance to the airflow is, therefore, vital in the modeling of ventilated spaces. The building has a balanced ventilation system installed in it. Both the attic and the main floor are supplied with ventilation by mechanical means and are integrated with a heat recovery system. When it comes to the modeling of ventilation, infiltration is neglected, as it is a small fraction compared to large-scale mechanical ventilation. When developing the energy balance equation, only the internal energy of the air is considered, while kinetic and potential energies are neglected.
The discretized transient heat equation is used to model the walls, floor, and roof of the building unit, represented by Equations (3)-(5). These components are made out of several layers of dissimilar materials such as wood, concrete, and insulation. However, layers are lumped into one element of the uniform thermal properties for simplicity and hence j = 1. Therefore, T s j+1 and T s j represent outside and inside surface temperatures of each component. The thermal mass of the household furniture is represented as a spherical object and modeled using the heat equation in spherical coordinates after discretization using the finite difference method (Equation (6)). When modeling the furniture, one spherical layer is considered as same as other building components and therefore T s j+1,fur and T s j,fur represent outside surface temperature and center temperature of the sphere. .
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The total heat flow from other sources than ventilation ( . Q i ) to the building unit is given by Equation (7), while Equation (8) estimates the heat loss through the building envelope. The test building is equipped with heat recovery ventilation to heat the incoming cold air. The incoming air temperature through this system to the building unit is given by Equation (9) . Equation (10) estimates the energy consumed by the heaters to raise the temperature of the building unit.
. Q = U A∆T (8) 
Results and Discussion
The aforementioned mathematical model is implemented in MATLAB for the test building and solved using ode15s solver. The model consists of six state variables, including indoor density, indoor temperature, and temperatures of the building components. Under the results, the space heating energy consumption of the test building from 24 to 28 November 2014 is first presented. Next, space heating energy consumptions estimated for each case study will be given with the relevant temperature variation graph.
Usually the comfortable temperature range inside a building falls between 20 • C and 22 • C. However, in the following cases, the comfortable temperature set point of the building is taken as 17 • C to be compatible with the real inside temperature variation of the building during the test period.
The floor heater in the basement (550W) is continuously operating, and it is taken into consideration only for estimating the energy consumption during 24 to 28 November 2014. However, for the rest of the cases, this floor heater is assumed to operate intermittently, the same as other heaters.
Model Calibration and Error Analysis
The model parameters need to be tuned to have a good match between the measurements and the simulated results. There are different approaches for the calibration of building heating models, and these are explained in [20] . The MATLAB model used in this study is calibrated manually by varying the most uncertain parameters, such as the overall heat transfer coefficients and thermal diffusivities, in order to have a good match between the predicted and measured inside temperature profiles during the period 24 to 28 November 2014. The Norwegian Building Technical Regulations (TEK10) present the upper/lower limits for these parameters relevant to Norwegian buildings, which helped in assigning the parameter values. However, there are challenges in calibrating the physical parameters with respect to experimental data that may result in bad physical interpretation of the parameters. More advanced techniques such as Kalman filtering can be integrated into the model to get a good approximation of the parameters [21], which is not the focus of this work. The parameters associated with the air, building enclosure, and furniture used in the simulation are presented in Table 2 . The given parameters and input variables ( Figure 5) are independent of the case number. The predicted temperature variation inside the test building for the experimental period based on the calibrated parameters and the measurements is presented in Figure 7 , which includes the heater activity graph. The model considers the whole test building with three floors as a single unit and represents the average situation inside the building. In the simulation, the air temperature is controlled using an on-off controller to maintain the temperature set points, which is also the reason for frequent fluctuations in the predicted temperature profile.
of Figure 8 illustrates the inside temperature variation for Cases 1, 2, 3, and 4, respectively. In Case 1, a constant inside temperature of 17 °C is maintained throughout the five days. It is important to maintain a comfortable temperature for the occupants if a fixed-temperature schedule is of interest. This will increase the space heating energy consumption as heaters are operating even during the unoccupied periods. The temperature fluctuations in Case 1 is owing to the action of the simulated on-off controller with an operation bandwidth of ±0.25 °C. The estimated space heating energy consumption is 291.9 kWh for this scenario.
Case Studies
Case 2 is an example of a time-based control system, which is comparable to the current control system installed. Two temperature set points are selected such that one is a comfortable temperature (17 °C) and the other is a lower temperature (12 °C) with a 5 °C difference. The heaters are configured to switch between these set points at pre-selected times of the day. In this experiment, the controller switches to 17 °C at 3:00 and 13:00 and to 12 °C at 8:00 and 23:00. The controller switches to a higher The predictions are slightly diverged from the real measurements on some days. The error is due to dealing with any parameters and model approximations that may affect the output of the model. Even though the set point temperature is 17 • C from 4:00 to 8:00, the calculated average building temperature is about 16 • C during this period. The three floors of the building have different heating strategies, and a set of distributed measurements are used for estimating a mean value for the temperature and humidity of each floor. Usually the basement has the lowest temperature, which has affected the average temperature of the whole building during this period. The use of average temperature may also cause deviations in model calibration. Model calibration error can be reduced by individually modelling each floor of the building instead of assuming them to be one unit [22] . Further, the temperature measurements from the first day could have been affected by the activities of the previous day, of which the model was unaware, and have caused deviations. The other deviations in the predictions could be due to the undetected behaviors of the occupants such as use of the wood oven, short openings of any windows and/or doors, or changing the heater setups, to mention a few possibilities. In addition, the predictions from the model seem to have fast dynamics compared to the real measurements. This could happen when the modelled thermal inertia is lower than the actual thermal inertia. The estimated actual space heating energy consumption is 249.4 kWh, which could be slightly different in reality owing to the above-mentioned modelling deficiencies. Figure 8 illustrates the inside temperature variation for Cases 1, 2, 3, and 4, respectively. In Case 1, a constant inside temperature of 17 • C is maintained throughout the five days. It is important to maintain a comfortable temperature for the occupants if a fixed-temperature schedule is of interest. This will increase the space heating energy consumption as heaters are operating even during the unoccupied periods. The temperature fluctuations in Case 1 is owing to the action of the simulated on-off controller with an operation bandwidth of ±0.25 • C. The estimated space heating energy consumption is 291.9 kWh for this scenario.
in this experiment because the outside temperature is high enough and it does not go below 0 °C during the considered period. Further, the thermal mass of the building may have a high value, which also maintains the inside temperature above the 12 °C limit during unoccupied periods. Therefore, in both Case 2 and Case 3, the heaters are not operating from 8:00 to 13:00 and 23:00 to 3:00. Still, the effect of the outside temperature can be observed from the inside temperature graphs of Cases 2 and 3 as they reach the lowest inside temperature just after 3.5 days. The same variation can be seen in the outside temperature profile presented in Figure 5 . Both Case 2 and Case 3 are based on the assumption that the three hours pre-heating time is sufficiently long enough to raise the indoor temperature to a comfortable temperature, starting from a lower value. It was selected as a starting point when the control is not model-based, and it was postulated that it would cover 80% of the weather conditions while not causing too much energy wastage. This hypothesis was accurate for the test building under the specified weather conditions. However, on an extremely cold day, the pre-heating time could be longer than 3 h, and thermal comfort will not be achieved by the time of the occupants' arrival. On the other hand, when the outside temperatures are noticeably high, the pre-heating time might be shorter than 3 h, causing unnecessary energy wastage. Both of them are disadvantages of having a traditional control method with a fixed pre-heating time. These deficiencies can be eliminated by using a model-based control associated with heating time estimation. In such systems, the model estimates the heating time based on inside conditions and outside weather conditions and initiates the heating at the right time to achieve thermal comfort and energy savings. Case 4 will provide an example of such a model-based system.
In Case 4, it is anticipated that occupants wake up at 6:00 and leave for work at 8:00. Further, they come back home at 16:00 and go to bed at 23:00. Therefore, the occupants use the building for 2 Case 2 is an example of a time-based control system, which is comparable to the current control system installed. Two temperature set points are selected such that one is a comfortable temperature (17 • C) and the other is a lower temperature (12 • C) with a 5 • C difference. The heaters are configured to switch between these set points at pre-selected times of the day. In this experiment, the controller switches to 17 • C at 3:00 and 13:00 and to 12 • C at 8:00 and 23:00. The controller switches to a higher temperature set point three hours before occupancy or wake up. The estimated space heating energy consumption is 261.4 kWh.
Instead of switching to a lower set point of 12 • C, in Case 3, the heaters switch to 5 • C. The water sources can freeze if the inside temperature goes below 5 • C. Therefore, it is highly important to fix the lower set point at least at 5 • C instead of completely switching the heaters off. This is a good strategy to save energy when the outside temperatures are high enough to maintain the building temperature at non-freezing values. However, the results obtained for Case 2 and Case 3 are similar in this experiment because the outside temperature is high enough and it does not go below 0 • C during the considered period. Further, the thermal mass of the building may have a high value, which also maintains the inside temperature above the 12 • C limit during unoccupied periods. Therefore, in both Case 2 and Case 3, the heaters are not operating from 8:00 to 13:00 and 23:00 to 3:00. Still, the effect of the outside temperature can be observed from the inside temperature graphs of Cases 2 and 3 as they reach the lowest inside temperature just after 3.5 days. The same variation can be seen in the outside temperature profile presented in Figure 5 .
Both Case 2 and Case 3 are based on the assumption that the three hours pre-heating time is sufficiently long enough to raise the indoor temperature to a comfortable temperature, starting from a lower value. It was selected as a starting point when the control is not model-based, and it was postulated that it would cover 80% of the weather conditions while not causing too much energy wastage. This hypothesis was accurate for the test building under the specified weather conditions. However, on an extremely cold day, the pre-heating time could be longer than 3 h, and thermal comfort will not be achieved by the time of the occupants' arrival. On the other hand, when the outside temperatures are noticeably high, the pre-heating time might be shorter than 3 h, causing unnecessary energy wastage. Both of them are disadvantages of having a traditional control method with a fixed pre-heating time. These deficiencies can be eliminated by using a model-based control associated with heating time estimation. In such systems, the model estimates the heating time based on inside conditions and outside weather conditions and initiates the heating at the right time to achieve thermal comfort and energy savings. Case 4 will provide an example of such a model-based system.
In Case 4, it is anticipated that occupants wake up at 6:00 and leave for work at 8:00. Further, they come back home at 16:00 and go to bed at 23:00. Therefore, the occupants use the building for 2 h in the morning and 7 h in the evening. The building must be heated to a comfortable temperature only during these 9 h, and during the rest of the time, the temperature set point can be reduced. Case 4 is different from Cases 2 and 3 owing to the heater operation based on the heating time of the building. The heaters switch to a high temperature set point before a specified time, which is equivalent to the estimated heating time based on the weather conditions. The estimated heating times by means of the mathematical model of the building are illustrated in Figure 9 . The maximum heating time is 2.65 h, and minimum heating time is 1.63 h. When the heaters are operated based on these heating times, the estimated space heating energy consumption is 252.5 kWh.
Buildings 2017, 7, 27 12 of 17 h in the morning and 7 h in the evening. The building must be heated to a comfortable temperature only during these 9 h, and during the rest of the time, the temperature set point can be reduced. Case 4 is different from Cases 2 and 3 owing to the heater operation based on the heating time of the building. The heaters switch to a high temperature set point before a specified time, which is equivalent to the estimated heating time based on the weather conditions. The estimated heating times by means of the mathematical model of the building are illustrated in Figure 9 . The maximum heating time is 2.65 h, and minimum heating time is 1.63 h. When the heaters are operated based on these heating times, the estimated space heating energy consumption is 252.5 kWh. The power supply from the heating system at each time instant during the mentioned period for the first four cases is demonstrated in Figure 10 . In Case 1, the heater activity is very intensive owing to the maintenance of the high temperature inside the building all the time. Case 2 and Case 3 have equivalent heater operation patterns that are not as rigorous as Case 1. When observed carefully, Case 4 has the least intensity compared to the other three cases. However, the pattern is quite analogous to those in Cases 2 and 3. The temperature variations for Case 5 and case 6 are illustrated in Figure 11 . In Case 5, it is assumed that the occupants are away from the building for 1.75 to 2.75 days (42 to 66 h). The estimated heating time before the occupants' arrival is 3.2 h if the temperature is maintained at 12 °C during the unoccupied one-day period. It is necessary to bring the inside temperature to 17 °C at 66 h. Therefore, the heaters are switched to a high temperature set point at 62.8 h to achieve this outcome. The power supply from the heating system at each time instant during the mentioned period for the first four cases is demonstrated in Figure 10 . In Case 1, the heater activity is very intensive owing to the maintenance of the high temperature inside the building all the time. Case 2 and Case 3 have equivalent heater operation patterns that are not as rigorous as Case 1. When observed carefully, Case 4 has the least intensity compared to the other three cases. However, the pattern is quite analogous to those in Cases 2 and 3.
Buildings 2017, 7, 27 12 of 17 h in the morning and 7 h in the evening. The building must be heated to a comfortable temperature only during these 9 h, and during the rest of the time, the temperature set point can be reduced. Case 4 is different from Cases 2 and 3 owing to the heater operation based on the heating time of the building. The heaters switch to a high temperature set point before a specified time, which is equivalent to the estimated heating time based on the weather conditions. The estimated heating times by means of the mathematical model of the building are illustrated in Figure 9 . The maximum heating time is 2.65 h, and minimum heating time is 1.63 h. When the heaters are operated based on these heating times, the estimated space heating energy consumption is 252.5 kWh. The power supply from the heating system at each time instant during the mentioned period for the first four cases is demonstrated in Figure 10 . In Case 1, the heater activity is very intensive owing to the maintenance of the high temperature inside the building all the time. Case 2 and Case 3 have equivalent heater operation patterns that are not as rigorous as Case 1. When observed carefully, Case 4 has the least intensity compared to the other three cases. However, the pattern is quite analogous to those in Cases 2 and 3. The temperature variations for Case 5 and case 6 are illustrated in Figure 11 . In Case 5, it is assumed that the occupants are away from the building for 1.75 to 2.75 days (42 to 66 h). The estimated heating time before the occupants' arrival is 3.2 h if the temperature is maintained at 12 °C during the unoccupied one-day period. It is necessary to bring the inside temperature to 17 °C at 66 h. Therefore, the heaters are switched to a high temperature set point at 62.8 h to achieve this outcome. The temperature variations for Case 5 and case 6 are illustrated in Figure 11 . In Case 5, it is assumed that the occupants are away from the building for 1.75 to 2.75 days (42 to 66 h). The estimated heating time before the occupants' arrival is 3.2 h if the temperature is maintained at 12 • C during the unoccupied one-day period. It is necessary to bring the inside temperature to 17 • C at 66 h. Therefore, the heaters are switched to a high temperature set point at 62.8 h to achieve this outcome. During the rest of the time, the heater operation is similar to Case 4. The estimated space heating energy consumption is 234.5 kWh. If the temperature set point is 5 • C during this one-day period, the heating time is 4.25 h and the energy consumption is 229.3 kWh, which is a 5.2 kWh saving.
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During the rest of the time, the heater operation is similar to Case 4. The estimated space heating energy consumption is 234.5 kWh. If the temperature set point is 5 °C during this one-day period, the heating time is 4.25 h and the energy consumption is 229.3 kWh, which is a 5.2 kWh saving. In Case 6, the occupants are away from the building for 1.75 to 3.75 days (42 to 90 h), i.e. two days, which could be a weekend. The heating times of the building at the occupants' arrival is estimated as 3.24 and 5.4 h for maintaining the non-occupancy set point at 12 °C and 5 °C, respectively, during the two day period. The space heating energy consumptions for these two strategies are 208.5 and 178.1 kWh. With a lower set point of 5 °C, an extra 30.4 kWh can be saved. These two cases represent the temperature in the building during holidays and weekends. When the occupants are away from the building for an extended time, it is a good opportunity to save energy by lowering the non-occupancy set point to a value that does not affect the inside water sources. If a traditional method, as presented in Cases 2 and 3, is used to control the heating, then the heaters have to be switched on 3 h before the occupants' arrival. However, the estimated heating times for these two cases are above 3 h, and the consequence is occupant discomfort at the time of arrival. By using a model-based control method, this issue can be solved. Further, based on the results, it is worth being aware of the weather conditions before making decisions on heater operation. When the building is not in use, it is obligatory to maintain the building at a temperature above zero, between 5 and 10 °C. A controller integrated with a mathematical model and weather predictions can put the heaters to the required conditions after a disturbance evaluation.
The heater activity for Cases 5 and 6 is presented in Figure 12 during the five day experimental period. According to the figure, when the low temperature set point is 5 °C, the heating system is switched off, which helps to save energy. In Case 6, the occupants are away from the building for 1.75 to 3.75 days (42 to 90 h), i.e., two days, which could be a weekend. The heating times of the building at the occupants' arrival is estimated as 3.24 and 5.4 h for maintaining the non-occupancy set point at 12 • C and 5 • C, respectively, during the two day period. The space heating energy consumptions for these two strategies are 208.5 and 178.1 kWh. With a lower set point of 5 • C, an extra 30.4 kWh can be saved.
These two cases represent the temperature in the building during holidays and weekends. When the occupants are away from the building for an extended time, it is a good opportunity to save energy by lowering the non-occupancy set point to a value that does not affect the inside water sources. If a traditional method, as presented in Cases 2 and 3, is used to control the heating, then the heaters have to be switched on 3 h before the occupants' arrival. However, the estimated heating times for these two cases are above 3 h, and the consequence is occupant discomfort at the time of arrival. By using a model-based control method, this issue can be solved. Further, based on the results, it is worth being aware of the weather conditions before making decisions on heater operation. When the building is not in use, it is obligatory to maintain the building at a temperature above zero, between 5 and 10 • C. A controller integrated with a mathematical model and weather predictions can put the heaters to the required conditions after a disturbance evaluation.
The heater activity for Cases 5 and 6 is presented in Figure 12 during the five day experimental period. According to the figure, when the low temperature set point is 5 • C, the heating system is switched off, which helps to save energy. Heater activity for Cases 5 and 6 based on the power supply from the heating system at each time instant. Graphs are given for both low set point temperatures of 12 °C and 5 °C.
Energy Predictions
The derived mathematical model predicts the space heating energy consumption for the simulated five day period. A comparison of the space energy consumption for each case is presented in Figure 13 and Table 3 . Even though the predicted actual energy consumption is given in the graph, it is not wise to compare it with the other cases as it has a different inside temperature variation pattern. It can be observed that maintaining a fixed comfortable temperature throughout the period results in the highest energy consumption (Case 1). Case 2 and Case 3 have equal results. The lowest energy consumption for five days of occupancy is observed in Case 4 out of the first four cases. Therefore, it is worth using a mathematical model to estimate the heating time according to the usage pattern of the building for control purposes. This kind of system can make wise control decisions based on the weather predictions before the system faces new instabilities. The possible energy savings by setting the temperature set point down to 5 °C is trivial for short vacant periods like one day (Case 5). However, the savings are around 15% when this is applied for periods above one day (Case 6). 
The derived mathematical model predicts the space heating energy consumption for the simulated five day period. A comparison of the space energy consumption for each case is presented in Figure 13 and Table 3 . Even though the predicted actual energy consumption is given in the graph, it is not wise to compare it with the other cases as it has a different inside temperature variation pattern. It can be observed that maintaining a fixed comfortable temperature throughout the period results in the highest energy consumption (Case 1). Case 2 and Case 3 have equal results. The lowest energy consumption for five days of occupancy is observed in Case 4 out of the first four cases. Therefore, it is worth using a mathematical model to estimate the heating time according to the usage pattern of the building for control purposes. This kind of system can make wise control decisions based on the weather predictions before the system faces new instabilities. The possible energy savings by setting the temperature set point down to 5 • C is trivial for short vacant periods like one day (Case 5). However, the savings are around 15% when this is applied for periods above one day (Case 6).
If the building heating system is controlled using a mathematical model based on the usage pattern and heating time (Case 4) instead of using a traditional control system as in Case 2, 8.9 kWh can be saved over five days, which is approximately 320 kWh of savings for the six cold months during a year. Most residential buildings use simple on-off controllers with a fixed temperature set point, like in Case 1, to operate heaters. If they transform the available system to model-based control, they can save up to 1400 kWh per year. Heater activity for Cases 5 and 6 based on the power supply from the heating system at each time instant. Graphs are given for both low set point temperatures of 12 °C and 5 °C.
Case Number
Energy Consumption kWh Actual 249.4
Power consumption -W Energy consumption -kWh 
Improvements
One of the main limitations of model-based heating control is the discrepancy between the actual and simulated results, which can also be detected from Figure 7 . Before using a specific model for control purposes, it is necessary to overcome this disadvantage for better performance of the system. The use of good model calibration techniques is the basis for achieving minimal discrepancy between the measured and simulated results. Kalman filtering and its extensions are heavily used today to get better estimations from models. Further, the model adaption (adaptive models with automatic calibration) to the real situation (real inside and outside conditions) is a good approach to minimize deviations.
Many measurement systems available today have a CO 2 sensor included for measuring the quality of the inside air. These measurements can be used for extending the system with a usage pattern model as well. A simple model, based on the CO 2 values, can be used to estimate when the building is in use and not in use to optimize the time schedule for switching to a high set point temperature.
The present study addresses the space heating energy saving potential using a control system integrated with a physics-based model. However, not only physics-based models but also data-driven or grey box models can be used for this purpose with any type of advanced control mechanism such as model predictive control, adaptive control, or optimal control strategies. Grey models might be a good solution in order to achieve a good model adaption to the real conditions (inside and outside) of the building.
Conclusions
This paper presents the application of a dynamic modelling approach for determining the space heating energy consumption of buildings. The focus was to figure out if the use of a mathematical model in space heating could save energy compared to the use of classical control methods. The suggested approach was tested on a three-storey residential building located in Norway, and several cases were defined to compare the energy consumptions. The results from the experiments confirm that use of a model to control the heating based on heating time estimations and usage patterns is the best option in terms of saving space heating energy and achieving thermal comfort. Maintaining a fixed-temperature schedule has the highest energy consumption of all. Having a time-based control system can save some amount of energy, while it is not the optimum.
Extending the current time based controller system for the electrical heaters with a mathematical model of the building will be a valuable improvement. This way, an optimum turn on time can be projected for the electrical heaters, saving more energy.
Any embedded systems running the on-off time control system like a BEMS (Building Energy Management System), as described in Case 2 and Case 3, can be extended at low cost to Case 4 to save more energy. The extension will be to include the building model into the software application running on the BEMS. An outside temperature sensor device must also be included in some BEMS; however, many BEMS already have this sensor device installed [4] .
